A new method is introduced for probing Topological Superconductors.
I-Introduction
Topological materials have been discovered recently [1, 2] . A new class of insulators coined Topological Insulators are characterized by the second Chern number [15] which can be measured using the Faraday and Kerr rotation [2] . Similarly to Topological Insulators, Topological Superconductors have been found and identified by the presence of the Majorana zero modes [4] [5] [6] [7] 12 ]. An indirect observation for the Majorana fermions was obtained from the differential conductance measurement [8] . Since the electrical current is not conserved in a superconductor, the electromagnetic field can not be used to identify the Topological Superconductors. The response of a Topological Superconductor is characterized by a topological Chern − Simons sound action as we have for the Yang-Mills action [3] .The coeficient of this action is the central charge c which counts the number of the Majorana edge which are the signature for the Topological Superconductor. The topological action contains high derivatives and it is unlikely to be obseved in the laboratory. For this reason we need to find an alternative method.
Sound waves have played an important role in the field of Superconductivity. The first experimental measurement of the superconducting gap was by ultrasound attenuation [16] .
A typical ultrasonic attenuation wave has a frequency of 10 − 100M HZ which is too small to break a pair and excite a quasi-particle, since gaps are in the range of milli-electron volts. This suggests that in order to enhance the sound absorption one needs to increase the density of the normal matter ρ n in the superconductor. This can be done with the help of vortices or dislocations.
In a superfluid it has been shown that in the mixture 4 He-3 He, the density of the normal matter ρ n increases with 3 He [19, 20] . The technique to measure the normal density ρ n is based on the torsional oscillator [18] , the period of the oscillation is related to the moment of inertia of the normal density. Similar measurements have been done by [17] to investigate
Here we would like to propose a new method based on the coupling of sound waves to Majorana fermions and electrons. We will present a theory which demonstrates that the presence of the induced Majorana modes affects the response function . We compute the sound polarization and obtain the normalized sound wave equation which is used to evaluate the shear and longitudinal stress. The stress serves as a probe for the Majorana fermions. The stress field generates dislocations and strain fields. The effect of the stress field on the superconductor can be measured using impedance techniques, by measuring the change of the quality factor Q and resonance frequency of an ac-cut quartz transducer which oscillates in a shear or longitudinal mode The plan of this paper is as follows . In Sec. II we introduce the Topological Superconductor Hamiltonian. Using the p − wave model we construct the deformation caused by elasticity, following the methods given in the literature [15, [21] [22] [23] . We show that the integration of the fermions generate the topological Chern − Simons term with the central charge which counts the Majorana modes on the boundary of the sample. In the second step we consider dislocations which induce Majorana zero modes inside the sample. For this situation we obtain a new Hamiltonian and show that the Majorana modes couple to the electron field and sound. The details are given in Appendix -A and Appendix -B.
Sec. III is devoted to the computation of the sound absorption, the details are given in Appendix -C. We compute the shear and longitudinal stress and identify the anomalous sound absorption which confirms the presence of the Majorana modes. In section IV we present our conclusions.
II-The Topological Superconductor in the presence of an elastic strain field
In order to demonstrate the anomalous absorption we consider a p − wave superconductor [4, 7] . The p − wave superconductor is engineered using materials with strong spin orbit interaction and magnetic Zeeman fieldsi which are in proximity to an s-wave superconductors [12, 13] . In order to study the stress response and absorption we need to know the coupling between the sound waves and the superconductor. The form of the electron phonon
Hamiltonian is problematic for spinors. The symmetry of the coupling is obtained from the coordinate transformation method [15] . When a sound waves excites the crystal, the crystal coordinates are modified. The external strain field modifies the position of the crystal atom.
As a result the p − wave is replaced by a deformed superconductor Hamiltonian:
is the model for the p − wave superconductor in the absence of the sound waves.
∆( r, t) the pairing order field, µ F ( r) is the space dependent chemical potential and
are the Pauli matrices in the particle-hole space. We assume that in one region µ F ( r) > 0 and in the complimentary region µ F ( r) < 0. For µ F ( r) > 0 the superconductor is topological and is characterized by the topological invariant with the Chern number Q∈Z [12] , in the region µ F ( r) < 0 the superconductor is non topological. At the interface µ F ( r) = 0 (between the two regions) the spectrum will contain bound states, Majorana zero modes.
The change of sign of the chemical potential in space gives rise to the Majorana fermions.
In the literature a few proposal exist, for the Majorana fermions, mostly at the interface with a Ferromagnetic region [12] and vortices [11] . Recently new proposals based on the interplay of magnetism and superconductivity [9, 10] is given by:
The solid Hamiltonian H (cr) contains the kinetic and potential energy. The kinetic energy
is determined by the canonical momentum π and mass density ρ. The potential energy is characterized by the Lame elastic constant λ and shear modulus µ [21] .
iωt is the force of an A − C quartz transducer which pumps energy into the solid. The external source Hamiltonian H (ext.) is given by:
The sound propagation modifies the p − wave .In the presence of the sound waves, the
The sound modifies the term τ a ∂ a (in the Hamiltonian Eq.(2))
∂X (a) is computed with the help of the transformation X( x) induced by the sound. As a result a non-Abelian strain field A( x, t) is generated. The non-Abelian field A( x, t) is written in terms of the elastic strain field.The non-Abelian form is due to the particle-hole operators τ 1 ,τ 2 τ 3 represents the effect of the sound waves which is written in terms of the elastic field u( x, t). and µ F > 0 generate a topological sound action,
c counts the number of the Majorana modes on the edge of the sample for µ F > 0. Due to the high order derivatives S top−sound is unlikely to be observed in the laboratory.
We will consider a chemical potential which changes sign inside the sample due to vortices or dislocations. Due to vortices or dislocations we will have additional Majorana zero modes.
We will focus on the first non-trivial δH (cr−p−wave) ≡ H (def ormed−p−wave) − H (p−wave) term which contributes to the absorption. Such a term is linear in the Majorana and in the electron field.
The H (p−wave) Hamiltonian is diagonalized with the help of the Bogoliubov -deGennes transformation. The Hamiltonian has in addition to the positive eigenvalues also Majorana zero modes [4, 7] . The spinor for non-zero energies are given by U ( k), V ( k)
T and the zero modes spinor are given by
Hamiltonian contains pairs of momentum [ k, − k] and therefore the momentum integration is restricted to half of the Brillouin zone. To cover the entire Brillouin Zone we will replace
for the Majorana spinor we will replace U b ( r, φ), U * b ( r, φ)
T with a four component spinor
C( r) and C † ( r) are the quasi particles operator for the superconductor. The matrix Γ ensures the (pseudo) reality conditions [11] .
The operators C( r) , C † ( r) also contain the Majorana zero modes
T where γ b are the Majorana operators. Using the mode expansion given in Eq. (7) we will replace the Hamiltonian δH (cr−p−wave) by:
III-Computation of the anomalous sound absorption
In order to perform the computation in Eq. (9) we need to know the spatial wave function for the Majorana fermions. Due to their localization in space and low density we can assume a model of randomly distributed Majorana fermions. We will consider a situation where the correlation within the nearest neighbor pair γ b=2a−1 , γ b =2a is significant and negligible otherwise. This allows to introduce the fermion operators ζ † a ,ζ a ;
The overlap between the pair γ b=2a−1 , γ b =2a is given by the overlapping energy a . The 
The polarization Π[ q, ω] is computed in Appendix-C. Using typical values for the sound waves frequency ω = 10 9 Hz and Fermi momentum k F = 10 9 m −1 we find that the value of the self energy Π[ q, ω] is in the range 100 N ewton m 2 , therefore the effect on the phonon frequency is negligible, and we will consider only the imaginary part of the polarization Π[ q, ω] which determines the absorption.
In Eq. (12) we used the definitions (
The first line of Eq. (13) is determined by the structure of the sound field A( r, t) given in Eq.(3). 
( introduced by the spinors Φ( k),Ŵ a ( r, φ))
The third line with Θ[ω] (ω > 0) describes the sound absorption.
The first term in the the third line describes the creation of a Majorana hole with the energy a (destruction of Majorana particle with the energy − a ) and the creation of a electron with energy E. As a result the absorption of sound will occur for frequencies ω >Ê +ˆ a with the threshold absorption ω > |∆|k F +ˆ a . In the absence of the Majorana term the absorption will occur ω > 2Ê,resulting in a forbidden frequency region ω > 2|∆|k F .
The second term in the third line describes a situation where the Majorana states are occupied at the energyˆ a , and the sound absorption will excite the electron to the state energyÊ. As a result the sound will be absorbed for frequencies ω >Ê −ˆ a ,resulting in the threshold absorption ω > |∆|k F −ˆ a . This absorption will be controlled by the Fermi We will use the polarization operator Π[ q, ω] obtained in Eq. (13) to compute the sound waves propagation in the crystal. We note that due to the random distribution of the Majorana fermions the sound polarization is isotropic and will affect the sound waves equations in a symmetric way (see Eq. (14)). The crystal Hamiltonian is normalized by the sound polar-
The sound wave equation for the external force
is given by:
We consider a situation where the force in the x direction is zero f (1) ( q, ω) = 0, and the force in the y direction is f (2) ( q, ω) = 0. We compute the shear stress σ 1,2 [ q, ω], the
in terms of the shear modulus µ and Lame elastic constant λ .Using the solutions obtained from Eq. (14) we find:
We plot the real part of the impedance R 1,2 [ q, ω] for a fixed Majorana energy, ignoring the energy dispersion of the Majorana fermions. Due to the isotropic form of the polarization the longitudinal impedance R 2,2 [ q, ω] has the same frequency dependence as R 1,2 [ q, ω] (see Eq. (14)). We will use in the plot a narrow energies distribution
The thin line gives the anomalous absorption
for the Majorana 
for the Majorana energy 
IV-Conclusions
To conclude a new proposal for probing superconductors with sound waves has been introduced. An anomalous absorption is found in the frequency region |∆|k F −ˆ a < ω < |∆|k 
. As a result the chemical potential
Appendix-B
The sound waves field u( x, t) change the coordinates from r ≡ x = [x, y] to x+ u( x, t) = X = 
∇ i is the covariant derivative given in terms of the spin connection:
The spin connection has been derived in [22] in terms of E 
Where
Once the spin connection is know we can perform the path integral over the Dirac' fermion. As for the Yang-Mills theory the fermion integration in 2 + 1 dimensions generate a non-Abelian Chern-Simons term. We perform the path integral integration tor the fermion field C † ( r, t) and C( r, t) and obtain the effective sound action S top−sound [23] . The topological term is given by,
where ω i,c = g i,j ω j c . c counts the number of the edge modes. For the Topological Superconductor we have µ F > 0 and c is non zero. For this case Majorana modes are on the edge of the sample. As a result the effective sound action S top−sound allows to identify the Topological Superconductor. Due too the high order derivatives it is difficult to observe such a term in the laboratory. For this reason we will look for an alternative way to identify the Topological Superconductor. This result is similar to the gravitational Chern-Simons term
In the presence of dislocations we expect to have additional Majorana zero modes. Therefore the sound waves can couple to the Majorana fermions and electron field. In order to study this effect we will consider small deformations | u( r, t)| << a (a is the lattice constant).
We will keep only first order terms in the coordinate transformation and neglect the effect on the metric tensor and spin connection ω a,b
i .
We define δH (cr−p−wave) : 
The Hamiltonian δH (cr−p−wave) is given in Eq.(3). . We integrate with respect τ = t 1 − t 2 and obtain: [2] Xiao-Liang Qi and Shou-Cheng-Zhang, Rev. Mod. Phys. 83, 1057 (2011).
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